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Abstract 

The inclusion hyperspace functor, the capacity functor and monads for these 
functors have been extended from the category of compact Hausdorff spaces to 
the category of Tychonoff spaces. Properties of spaces and maps of inclusion 
hyperspaces and capacities (non-additive measures) on Tychonoff spaces are 
investigated. 
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Introduction 

The category of compact Hausdorff topological spaces is probably the most 
convenient topological category for a categorical topologist. A situation is usual 
when some results are first obtained for compacta and then extended with much 
effort to a wider class of spaces and maps, see e.g. factorization theorems 
for inverse limits [13|. Many classical construction on topological spaces lead 
to covariant functors in the category of compacta, and categorical methods 
proved to be efficient tools to study hyperspaces, spaces of measures, symmetric 



products etc [ljj . We can mention the hyperspace functor exp |15[ , the inclusion 
hyperspace functor G Q , the probability measure functor P Q , and the capacity 
functor M which was recently introduced by Zarichnyi and Nykyforchyn |l8[ to 
study non-additive regular measures on compacta. 

Functors exp, P, G, M have rather good properties. The functors exp and P 
belong to a defined by Scepin class of normal functors, while G and M satisfy all 
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requirements of normality but preservation of preimages, hence are only weakly 
normal. They are functorial parts of monads 3, 18| . 

Unfortunately the functors exp and G lose most of their nice properties when 
they are extended from the category of compacta to the category of Tychonoff 
spaces. Moreover, a meaningful extension usually is not unique. An interested 
reader is referred, e.g. to where four extensions to the category of Tychonoff 
spaces of the probability measure functor P are discussed, and two of them are 
investigated in detail. 

The aim of this paper is extend the inclusion hyperspace functor, the ca- 
pacity functor and monads for these functors from the category of compacta to 
the category of Tychonoff spaces, and to study properties of these extensions. 
We will use "fine tuning" of standard definitions of hyperspaces and inclusion 
hyperspaces to "save" as much topological and categorical properties valid for 
the compact case as possible. 



1. Preliminaries 

In the sequel a compactum is a compact Hausdorff topological space. The unit 
segment I = [0; 1] is considered as a subspace of the real line R with the natural 
topology. We say that a function ip : X I separates subsets A, B C A if 
^1^ = 1, <^|b = 0. If such if exists for A and B and is continuous, then we call 
these sets completely separated. We write A C X or A C X if A is respectively 

op cl 

an open or a closed subset of a space X. The set of all continuous functions 
from a space X to a space Y is denoted by C(X, Y). 

See [7| for definitions of category, functor, natural transformation, monad 
(triple), morphism of monads. For a category C we denote the class of its objects 
by ObC. The category of Tychonoff spaces Tych consists of all Tychonoff (= 
completely regular) spaces and continuous maps between them. The category of 
compacta Comp is a full subcategory of Tych and contains all compacta and their 
continuous maps. We say that a functor Fi in Tych or in Comp is a subfunctor 
of a functor Fi in the same category if there is a natural transformation F± — > F2 
with all components being embeddings. Similarly a monad Fi is a submonad 
of a monad F2 if there is a morphism of monads Fi — > ¥2 such that all its 
components are embeddings. 

^From now on we denote the set of all nonempty closed subsets of a topo- 
logical space X by exp X, though sometimes this notation is used for the set of 
all compact non-empty subsets, and the two meaning can even coexist in one 
text 0. A lot of topologies on exp X can be found in literature. The upper topol- 
ogy t u is generated by the base which consist of all sets {F 6 exp A | F C U}, 
where U is open in A. The lower topology n has the subbase {{F £ exp A | 
Ffll ^ 0} I [/ C I}. The Vietoris topology t v is the least topology that 

op 

contains both the upper and the lower topologies. It is de facto the default 
topology on exp A, to the great extent due to an important fact that, for a 
compact Hausdorff space A, the space exp A with the Vietoris topology is com- 
pact and Hausdorff. It / : A — > Y is a continuous map of compacta, then 
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the map exp/ : expX — > cxpY, which sends each non-empty closed subset F 
of X to its image /(Y), is continuous. Thus we obtain the hyperspace functor 
exp : Comp — > Comp. 

A non-empty closed with respect to the Vietoris topology subset T C exp X 
is called an inclusion hyperspace if A C B £ expX, A G F imply B G F. The 
set GX of all inclusion hyperspaces on the space X is closed in exp 2 X, hence 
is a compactum with the induced topology if X is a compactum. This topology 
can also be determined by a subbase which consists of all sets of the form 

U + = {F e GX there is F G F, F C U}, 
U~ = {F G GX | F n U + for all F G J 7 }, 

with U open in X . If the map Gf : GX — > GY for a continuous map / : X — > Y 
of compacta is defined as Gf(G) — {B C Y \ B D f(A) for some A E F}, 

cl 

J 7 6 GX, then G is the inclusion hyperspace functor in Comp. 

We follow a terminology of [l8| and call a function c : expX U {0} — ^ / a 
capacity on a compactum X if the three following properties hold for all closed 
subsets F, G of X : 

(1) c(0) = 0, c(X) = 1; 

(2) if F C G, then c(F) c(G) (monotonicity); 

(3) if c(F) < a, then there exists an open set U D F such that for any G C U 
we have c(G) < a (upper semicontinuity) . 

The set of all capacities on a compactum X is denoted by MX. It was shown 
in [lU that a compact Hausdorff topology is determined on MX with a subbase 
which consists of all sets of the form 

0_(F, a) = {c e MX | c(F) < a}, 

where FcX,aeI, and 

cl 

0+(U, a) = {c G MX | c{U) > a} = 

{c G MX | there exists a compactum F C U, c(F) > a}, 

where U C X, a G R. The same topology can be defined as weak* topology, 

op 

i.e. the weakest topology on MX such that for each continuous function ip : 
X — > [0; +oo) the correspondence which sends each c G Af X to the Choquet 
integral 0] of ip w.r.t. c 

/ ip(x) dc(x) = / c({x G X | <y£>(a;) ^ a}) da 
Jo 

is continuous. If / : X — > Y is a continuous map of compacta, then the map 
Mf : MX -> MY is defined as follows : Mf(c)(F) = c(/- 1 (- F )) J for c G MX 
and F C Y. This map is continuous, and we obtain the capacity functor M in 

cl 

the category of compacta. 
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A monad F in a category C is a triple (F, rjp, fip), with F : C — > C a functor, 
fjp : \c — y F and jj,p : F 2 — s> F natural transformations, such that \ipX o 
rjpFX = [ipX o FrjpX = Ifx, HfX o Ffj,pX = [ipX o [i F FX for all objects 
X of C. Then F,rjp,^ip are called resp. the functorial part, the unit and the 
multiplication of F. For the inclusion hyperspace monad G = (G^q, Hg) the 
components of the unit and the multiplication are defined by the formulae [llT ] : 

t]gX(x) — {F G exp A a; G X, 

and 

MgA(F) = {F G expA | F G p|H for some H G F}, F G G 2 X. 

In the capacity monad M = {M,t]m, Mm) [3 the components of the unit 
and the multiplication are denned as follows: 

Vu(x)(F) = \ 1 ' XGF ' x€X,FcX, 

and 



PL M X(C){F) = sup{a G I | C({c G MX | c(F) ^ a}) > a}, C G A/ 2 , Pel 



cl 



An internal relation between the inclusion hyperspace monad and the capacity 
monad is presented in 18, §]. 



It is well known that the correspondence which sends each Tychonoff space 
X to its Stone-Cech compactification j3X is naturally extended to a functor 
f3 : Tych — > Comp. For a continuous map / : X — > Y of Tychonoff spaces 
the map /3f : (3X — > f3Y is the unique continuous extension of /. In fact 
this functor is left adjoint Q to the inclusion functor U which embeds Comp 
into Tych. The collection i — (iX)xeObTych of natural embeddings of all 
Tychonoff spaces into their Stone-Cech compactifications is a unique natural 
transformation l7- yc h — > U/3 (a unit of the adjunction, cf. [7]). 

In this paper "monotonic" always means "isotone" . 



2. Inclusion hyperspace functor and monad in the category of Ty- 
chonoff spaces 

First we modify the Vietoris topology on the set exp X for a Tychonoff space 
X. Distinct closed sets in X have distinct closures in j3X, but the map e cxp AT 
which sends each F G exp AT to Cl^x F G exp/3A generally is not an embed- 
ding when the Vietoris topology are considered on the both spaces, although is 
continuous. It is easy to prove : 

Lemma 2.1. Let X be a Tychonoff space. Then the unique topology on exp A, 
such that e eX pA is an embedding into exp f3X with the Vietoris topology, is 
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determined by a base which consists of all sets of the form 

{Ui, . . . , Uk) — {F G expX | F is completely separated from 

x\{u 1 u---uu k ),Fnu i ^0,i = i,...,k}, 

with all Ui open in X . 

Observe that our use of the notation (...) differs from its traditional mean- 
ing [lj|, but agrees with it if X is a compactum. Hence this topology coincides 
with the Vietoris topology for each compact Hausdorff space X, but may be 
weaker for noncompact spaces. The topology is not changed when we take a 
less base which consists only of (Ui, . . . , Uk) for Ui C X such that U2 U • ■ • U Uk 

op 

is completely separated from X \ U\. We can also equivalently determine our 
topology with a subbase which consists of the sets 

(U) = {F G expX I F is completely separated from X \ U} 

and 

(X, U) = {F G cxpX l F n U + 0} 

with U running over all open subsets of X. 

Observe that the sets of the second type form a subbase of the lower topol- 
ogy 77 on expX, while a subbase which consists of the sets of the first form 
determines a topology that is equal or weaker than the upper topology r u on 
expX. We call it an upper separation topology (not only for Tychonoff spaces) 
and denote by t us . Thus the topology introduced in the latter lemma is a lowest 
upper bound of 77 and t us . ^From now on we always consider expX with this 
topology, if otherwise is not specified. We also denote by exp t X, exp u X and 
exp us X the set expX with the respective topologies. 

If / : X — > Y is a continuous map of Tychonoff spaces, then we define the 
map exp/ : expX — > expF by the formula expf(F) = C\f(F). The equality 
ZcxpY o exp / = exp j3f o e oxp X implies that exp / is continuous, and we obtain 
an extension of the functor exp in Comp to Tych. Unfortunately, the extended 
functor exp does not preserve embeddings. 

Now we consider how to define "valid" inclusion hyperspaces in Tychonoff 
spaces. 

Lemma 2.2. Let a family T of non-empty closed sets of a Tychonoff space X 
is such that icBd, 4gJ imply B G T . Then the following properties 

cl 

are equivalent : 

(a) J 7 is a compact set in exp ; X; 

(b) for each monotonically decreasing net (F a ) of elements of J- the inter- 
section P| F a also is in T . 

a 

Each such T is closed in exp us X, hence in expX. If X is compact, then these 
conditions are also equivalent to : 

(c) T is an inclusion hyperspace. 
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Proof. Assume (a), and let (F a ) be a monotonically decreasing net of elements 
of T . If f] F a £ F, then the collection {(A, X\F a )} is an open cover of F that 

a 

does not contain a finite subcover, which contradicts the compactness of T in 
the lower topology. Thus (a) implies (b). 

Let (b) hold, and we have a cover of F by subbase elements {X, U a ), a G A. 
If there is no finite subcover, then F contains all sets of the form X \ (U ai ) U 
• • • U U ak , ai, . . . , a k G A. These sets form a filtered family, which may be 
considered as a monotonically decreasing net of elements of T . Hence, by the 
assumption, F contains their non-empty intersection B = X \ [J U a that does 

not intersect any of U a . This contradiction shows that each open cover of F 
by subbase elements contains a finite subcover, and by Alexander Lemma F is 
compact, i.e. (a) is valid. 

Let F satisfy (b), and let G be a point of closure of F in cxp u;s X. Then for 
each neighborhood U D C there is F G F such that F is completely separated 
from X \ U, therefore ClU G F. The set U of all closures Cl U, with U a 
neighborhood of G, is filtered. Therefore f]U = C G F, hence F is closed 
in exp us X. If A is a compactum, then F satisfies the definition of inclusion 
hyperspace, i.e. (c) is true. 

It is also obvious that an inclusion hyperspace on a compactum satisfies 
(b). □ 

Therefore we call a collection T of non-empty closed sets of a Tychonoff 
space X a corn-pact inclusion hyperspace in I if 4 C B C I, 4 £ 7 imply 

cl 

B G T, and T is compact in the lower topology on expA. Note that the 
lower topology is non-Hausdorff for non-degenerate A. The set of all compact 
inclusion hyperspaces in A will be denoted by GX. 

Let G*X be the set of all inclusion hyperspaces Q in (3X with the property : 
if A, B C PX, A n A = B n A, then A G Q B G Q. Observe that each 

cl 

such Q does not contain subsets of pX \ X. 
The latter lemma implies : 

Proposition 2.3. A collection T C expA is a compact inclusion hyperspace if 
and only if it is equal to {G n A | G G Q} for a unique Q G G* X . 

We denote the map GX — > GpX which sends each T G GX to the respective 
Q by e G X. It is easy to see that eaX(T) is equal to {G G exp PX \ GnA G J 7 }. 

We define a Tychonoff topology on GA by the requirement that egA is an 
embedding into GPX. An obvious inclusion G/3/(G* A) C G*Y for a continuous 
map / : A — > Y allows to define a continuous map Gf : GX — > GY as a 
restriction of the map GPf, i.e. by the equality GPf o e^A = cqY o Gf. Of 
course, Gf{F) = {G G Y \ G D f(F) for some F G F} for T G GA. A 

cl 

functor G in the category of Tychonoff spaces is obtained. Its definition implies 
that ec = (eGA)xeObTych is a natural transformation G — > UGP, with all 
components being embeddings, therefore G is a subfunctor of UGp. Note also 
that ecX = GiX for all Tychonoff spaces A. 
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Due to the form of the standard subbase of G/3X, we obtain : 

Proposition 2.4. The topology on GX can be determined by a subbase which 
consists of all sets of the form 

U + = {F E GX | there is F E F,F is completely separated from X \ U}, 
U~ = {F e GX I F DU ^ for all F e F}, 

with U open in X. 

Observe that this interpretation of U + , U~ for Tychonoff spaces agrees with 
the standard one for compact Hausdorff spaces. 

As it was said before, the functor exp : Tych — > Tych does not preserve 
cmbcddings, thus we cannot regard exp exp X as a subspace of exp exp /3X, 
although expX is a subspace of exp /3X. We can only say that image under exp 
of the embedding exp X —> exp (3X is continuous. Therefore a straightforward 
attempt to embed GX into exp 2 X fails, while GX is embedded into exp 2 (3X. 

Now we will show that the topology on GX is the weak topology with respect 
to a collection of maps into the unit interval. 

Lemma 2.5. Let a map ip : X — > / be continuous. Then the map tp : exp X — > I 
which sends each non-empty closed subset F C X to sup <p(x) (or inf tp(x)) is 

xeF X ^ F 

continuous. 

Proof. We prove for sup, the other case is analogous. Let sup (p(x) = /3 < a, 

x£F 

a,/3El. The set U = <p _1 ([0; ^f^-)) is open, and F is completely separated 
from X\U, hence F E (U). If G E exp X, G E (U), then sup ip(x) < ^ < a 

xEF 

as well, and the preimage of the set [0; a) under the map if) is open. 

Now let sup ip(x) — (3 > a, a, (3 E I. There exists a point x E F such that 

xeF 

ip{x) > 2±£, hence F intersects the open set U = 1]). Then (X, U) 3 

F, and G E cxpX, G E (X,U) implies sup ip(x) ^ > a. Therefore the 

x£G 

preimage ip~ 1 (a- 1 1] is open as well, which implies the continuity of tp. □ 

Lemma 2.6. Let a function ip : expX — > / be continuous and monotonic. Then 
f attains its minimal value on each compact inclusion hyperspace T E GX . 

Proof. If tp is continuous and monotonic, then it is lower semicontinuous with 
respect to the lower topology. Then the image of the compact set T under ip is 
compact in the topology {/ n (a, +oo) | a E R} on /, therefore ^(J 7 ) contains a 
least element. □ 

Proposition 2.7. The topology on GX is the weakest among topologies such 
that for each continuous function ip : X — >• / the map m v which sends each 
T E GX to min{sup</? | F E F} is continuous. Ifip : expX — > I is a continuous 

F 

monotonic map, then the map which sends each F E GX to min{'ip(F) \ F E F} 
is continuous w.r.t. this topology. 



7 



Proof. Let ip : expX — > I be a continuous monotonic map, and min-j^i* 1 ) | F G 
J 7 } < a, then there is F e J such that ip(F) < a. Due to continuity there is 
a neighborhood (Ui, . . . , U k ) B F such that ip(G) < a for all G G (J7i, . . . , [/*). 
For i/3 is monotonic, the inequality ^>(G) < a is valid for all G G (J7i U ■ ■ • U 
Therefore min{-0(G) | G G Q} < a for all Q G (C/i U ■ ■ • U f/ fe ) + , and the latter 
open set contains T . 

If min{?/>(^) I F G J 7 } > a, then ip{F) > a for all F E J-. The function -0 
is continuous, hence each F G T is in a basic neighborhood (Uq, U\, . . . , Uk) in 
expX such that for all G in this neighborhood the inequality tp(G) > a holds. 
We can assume that U\ U U% U • • • U Uk is completely separated from X \ Uq, 
then ip{G) > a also for all G G (X, U\, U2, ■ ■ ■ , Uk)- The latter set is an open 
neighborhood of F in the lower topology. The set J 7 is compact in exp ; X, 
therefore we can choose a finite subcover (U\, . . . , U\ x , . . . , (U{\ . . . , U£ of T 
such that G G (U[, . . ., U\ ), 1 ^5 Z ^5 n, implies "0(G) > a. Then T is in an 
open neighborhood 

U = f]^ U n U U h u ' ' ' u ^")" I 1 < ii < 2 < i» < *a, • • •» < Jn < fen}- 

Each element G of any compact inclusion hyperspace Q G U intersects all 
U\, . . . , Uj. for at least one I G {1, . . . , n}, therefore min{V>(G) | G G £7} > a for 
all £ G U. Thus min{V'(F) | F G J 7 } is continuous w.r.t. T G GX. 

Due to Lemma [2.51 it implies that the map m : GX — » I c ( x ^) , mf^J 7 ) = 
(m ¥ ,(J r )) ve c(xj) f° r -T 7 G G-X", is continuous. 

Now let J 7 G C/ + for C7 c X, i.e. there is F G J 7 and a continuous function 

op 

ip : X — > I such that <p\f = 0, f\x\u — 1- Then m v (J-) < 1/2, and for any 
5 G GX the inequality m v {Q) < 1/2 implies 5 G ?7 + . 

If T G C/~, U C X, then due to the compactness of J 7 we can choose V C X 

op op 

such that J 7 G y - , and there is a continuous map tp : X —> I such that i/j|y = 1, 
¥>\x\U = 0. Then m v (J 7 ) = 1 > 1/2, and for each Q G GX the inequality 
Tn<p{G) > 1/2 implies C? G f _ . Therefore the inverse to m is continuous on 
m(GX), thus the map m : is an embedding, which completes 

the proof. □ 

Remark 2.8. It is obvious that the topology on GX can be equivalently defined 
as the weak topology w.r.t. the collection of maps m v : GX — > I, m ip (F) = 
max{inf p> \ F G J 7 }, for all ip G G(X, I). 

F 

Further we will need the subspace 

GX = {F G GX I for all F G J" there is a compactum X C F, K G J 7 } C GX. 

It is easy to see that its image under &qX : GX G(3X is the set 

G*X = {G G G*X I for all G G there is a compactum K C G (1 X,K E Q}, 

and Gf(GX) C GF for each continuous map / : X — >• Y of Tychonoff spaces. 
Thus we obtain a subfunctor G of the functor G : Tych — i Tych. 
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Lemma 2.9. Let X be a Tychonoff space. Then ^aPX o GeaX(G 2 X) C 
e G X{GX). 



Proof. Let F G G 2 X, T = fi G (3X o Ge G X(F), and F,G C (3X are such that 



Ffll = G n X. Assume F G J 7 , then there is H G F such that F e Q 
for all Q G G\gi3x eaX{S), therefore for all Q G ecX(H). It is equivalent to 
F n X G H for all % £ H C GX, which in particular implies that FflI/0. 
By the assumption, G fl I £ K for all H £ H as well, hence G E Q for all 
5 G e G X(H). The set of all U G GX such that H 9 A is closed for any 
A G expX, thus G G Q for all G Clapx e G X(TI). We infer that G G J 7 , and 
J" G GX. □ 

For ecX is an embedding, we define ficX as a map G 2 X — > GX such that 
ecX o /igX = {j,g/3X o GeaX. This map is unique and continuous. Following 
the latter proof, we can see that 

# G (F) = {Fe expX | F G p|H for some H G F}, F G G 2 X, 

i.e. the formula is the same as in Comp. 

For the inclusion rjcfiX o iX(X) C ecX(GX) is also true, there is a unique 
map f]cX : X — > GX such that eg^ ° ?7gX = VcftX o iX, namely fjaX(x) — 
{F 6 expX | F 9 a;} for each x G X, and this map is continuous. It is 
straightforward to prove that the collections fjc = (?IG X)xeObTych and p,G — 
(fiG X)xeObTych are natural transformations resp. 1-rych — > G and G 2 — » G. 

Theorem 2.10. TTie triple G = {G,t)q, /xg) * s a monad in Tych. 

Proof. Let X be a Tychonoff space and iX its embedding into /3X. Then : 

e G X o^Io tjGI = ^/?X o Ge G X o 77GX = 
/U^X o ryG^X o e G X = l G /3x ° &gX = e G X, 

thus fiaX o GryX = /2gX o t)qGX — 1q X j similarly we obtain the equalities 
{igX o Gt)gX = 1q X an< ^ MgX o GfioX = fiaX o fiQGX. □ 

For GX, t)gX, jlaX coincide with GX, rjcX, [IqX for any compactum X, 
the monad G is an extension of the monad G in Comp to Tych. 

3. Functional representation of the capacity monad in the category 
of compacta 

In the sequel X is a compactum, c is a capacity on X and f : X — > R is a 
continuous function. We define the Sugeno integral of if with respect to c by 



The composition in the above inclusion is legal because G/3X = G/3X. 



cl 



the formula [l(| : 




f(x) A dc{x) — sup{c({x G X | ip{x) ^ a}) A a \ a G /}. 



x 
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The following theorem was recently obtained (in an equivalent form) by 
Radul (l2j under more restrictive conditions, namely restrictions of normalized- 
ness and non-expandability were also imposed. Therefore for the readers con- 
venience we provide a formulation and a short proof of a version more suitable 
for our needs. 

Theorem 3.1. Let X be a compactum, c a capacity on X . Then the functional 

,v 

i : C(X,I) — > I, i(tp) = I tp(x) A dc[x) for tp G C(X,I), has the following 



properties : 

(1) for all ip, if) G C(X,I) the inequality tp ^ if) (i.e. tp(x) Si ijj(x) for all 
x £ X) implies i(tp) $J i(if>) (i is monotonicj; 

(2) i satisfies the equalities i{a A tp) = a A i{tp), i(a V tp) = a V i(tp) for any 
a £ I, tp e C(X, I). 

Conversely, any functional i : C{X,I) — > I satisfying (1),(2) has the form 

i-if) = / f\ x ) A dc(x) for a uniquely determined capacity c G MX . 



x 

In the two following lemmata i : C (X, I) — s> / is a functional that satisfies 
(1),(2). 

Lemma 3.2. If a € I and continuous functions tp,tp : X — y I are such that 
{x G X tp(x) )q}c{i£I ip{x) ^ a} and i(tp) a, then i(ip) ct. 

Proof. For a = the statement is trivial. Otherwise assume i(tp) a. Let 
^ (3 < a. For tp, tp are continuous, there is 7 G (f3; a) such that the closed 
sets F = ^ _1 ([0; /?]) and G = <^ _1 ([7, 1]) have an empty intersection. Then, by 
Brouwer-Tietze-Urysohn Theorem, there is a continuous function 9 : X —¥ [/3; 7] 
such that 9\f = /?, &\g = 7- Then we define a function / : X — y I as follows : 

G F, 

f(x) = h(x),x$FuG, 
\tp(x), x G G. 

Then 7 V / = 7 V 99, thus 

7 V «(/) = i(7 V /) = 1(7 V tp) = 7 V £(9?) = a, 
and = a. Taking into account /3 A / = /3 A ip, we obtain 

= A *(/) - i(0 A f) — i(/3 Aip) — /3 A i^), 
thus z(^) ^ /3 for all f3 < a. It implies i(ip) ^ a. □ 

Obviously if {a; G X y(a;) ) a} = {1 e I VK 3 -) ^ a }i then i(tp) ^ a if 
and only if £(■!/>) a. 
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Lemma 3.3. For each closed set F C X and (3 G / the equality 
inf{i(v?) | f > a A xf} = a A inf{i(^>) | f ^ xf} 

Proof. It is sufficient to observe that for all < (3 < a the sets {(3 A if \ ip ^ 
a A xf} and {/3 A V> | ip ^ Xf} coincide, therefore by the previous lemma : 

[3 Aini{i((f) \ ip ^ oAxf} = f3Ami{i(ip) \ ip ^ xf} = f3 AaAini{i(ip) \ ip ^ xf}- 

For the both expressions inf{i(f) if ^ a A xf} and a A inf{i(?/>) | ^ ^ xf} do 
not exceed a, they are equal. □ 

Proof of the theorem. It is obvious that Sugeno integral w.r.t. a capacity sat- 
isfies (1),(2). If i is Sugeno integral w.r.t. some capacity c, then the equality 
c(F) — inf{i(ip) | ip ^ xf} must hold for all Fcl. To prove the converse, we 

cl 

assume that i : C(X, I) — > I satisfies (1),(2) and use the latter formula to define 
a set function c. It is obvious that the first two conditions of the definition of 
capacity hold for c. To show upper semicontinuity, assume that c(F) < a for 
some F C X, a G /. Then there is a continuous function ip : X — >• J such that 

cl 

f ^ Xf, i{f) < a - Let i(f) < (3 < a, then 

i(f) = (3 A i{f) = i{[3 A ip) ^ (3 A c({x G X | if(x) ^ /?}), 

which implies c({x G X \ ip(x) ^ /?}) < (3 < a. The set U = {x G X \ ip(x) > (3} 
is an open neighborhood of F such that c(G) < a for all G C X, G C U. Thus 

cl 

c is upper semicontinuous and therefore it is a capacity. 

The two previous lemmata imply that for any if G C(X, I) we have 

i{if) = sup{a G / | i(<f) > a} = sup{a G / | c({x G X \ ip(x) ^ a}) ^ a} = 

,v 

sup{a A c({x G X | f(x) ^ a}) \ a G 1} = / ip(x) A dc(x). 

x 

□ 

Lemma 3.4. Let ip : X — > / &e a continuous function. Then the map <5 V : 



MX — > I which sends each capacity c to J ip(x) A dc(x) is continuous. 

x 

Proof. Observe that 

(^-'(([O; a)) - 0-(V _1 ([0; a), ^"^((a; 1]) = + {ip-\{a; 1]), a) 

for all a G /. □ 

Corollary 3.5. ITie map X — > / c ( x ' 7 ) w/iic/i sends eac/i capacity c on X to 
{Sip(c)) ve c(x.i) is an embedding. 
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Recall that its image consists of all monotonic functionals from C(X, I) to 
/ which satisfy (1),(2). Therefore from now on we identify each capacity and 
the respective functional. By the latter statement the topology on MX can be 

equivalently defined as weak* topology using Sugeno integral instead of Choquet 

,v 

integral. We also write c(<p) for / <p(x) A dc(x). 

x 

The following observation is a trivial "continuous" version of Theorem 6.5 [l0(. 

Proposition 3.6. Let C G MX and tp G C(X, I). Then n M X(C)(cp) = C(S V ). 

Proof. Indeed, the both sides are greater or equal than a € J if and only if 
G{c G MX | c(ip) > a} ^ a. □ 

It is also easy to see that r)MX(x)(ip) = tp(x) for all x G X, <p G C{X,I). 
Thus we have obtained a description of the capacity monad M in terms of 
functionals which is a complete analogue of the description of the probability 
monad P [H, Ha |. Now we can easily reprove the continuity of tjmX and (amX, 
as well as the fact that M = (M, rjM, A*m) is a monad. 



4. Extensions of the capacity functor and the capacity monad to the 
category of Tychonoff spaces 

We will extend the definition of capacity to Tychonoff spaces. A function 
c : expX U {0} — > I is called a regular capacity on a Tychonoff space X if it 
is monotonic, satisfies c(0) = 0, c{X) = 1 and the following property of upper 
semicontinuity or outer regularity : if F C X and c'(F) < a, a G /, then there 

cl 

is an open set U D F in X such that F and X \ U are completely separated, 
and c'(G) < a for all G C U, G G X. 

cl 

This definition implies that each closed set F is contained in some zero-set 
Z such that c(F) = c(Z). 

Each capacity c on any compact space Y satisfies also the property which 
is called T-smoothness for additive measures and have two slightly different 
formulations P, [l6j]. Below we show that they are equivalent for Tychonoff 
spaces. 

Lemma 4.1. Let X be a Tychonoff space and m : expXU{0} I a monotonic 
function. Then the two following statements are equivalent : 

(a) for each monotonically decreasing net (F a ) of closed sets in X and a 
closed set G G X , such that p| F a G G, the inequality inf c{F a ) ^ c(G) is valid; 

a ' a 

(b) for each monotonically decreasing net (Z a ) of zero-sets in X and a closed 

set G G X , such that f] Z a G G, the inequality inf c(Z a ) ^ c(G) is valid. 
a ' a 

Proof. It is obvious that (a) implies (b). Let (b) hold, and let a net (F a ) and a 
set G satisfy the conditions of (a) . We denote the set of all pairs (F a , a) such 
that a G X \ F a by A, and let V be the set of all non-empty finite subsets 
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of A. The space X is Tychonoff, hence for each pair (F a ,a) G A there is a 
zero-set Z a ^ a D F Q such that Z Qja ^ a. For 7 = {(ai, ai), . . . , (afe, a^)} G T we 
put Z 7 = ^ ai ,oi n • • • n Z ak , Ak . If T is ordered by inclusion, then (Z 7 ) 7G r is a 
monotonically decreasing net such that f] Z 1 — f]F a C G, thus inf c(F a ) < 

inf Z 1 ^ c(G), and (a) is valid. □ 

We call a function c : expX — > 7 a t -smooth capacity if it is monotonic, 
satisfies c(0) = 0, c(X) = 1 and any of the two given above equivalent properties 
of T-smoothness. It is obvious that each r-smooth capacity is a regular capacity, 
but the converse is false. E.g. the function c : cxpNU {0} — > I which is defined 
by the formulae c(0) = 0, c(F) = 1 as F C N, F 7^ 0, is a regular capacity that 
is not r-smooth. For compacta the two classes coincide. 

^From now all capacities are r-smooth, if otherwise is not specified. 

Now we show that capacities on a Tychonoff space X can be naturally identi- 
fied with capacities with a certain property on the Stone-Cech compactification 
0X. 

Lemma 4.2. Let c be a capacity on (3X. Then the following statements are 
equivalent : 

(1) for each closed sets F, G C (3X such that F d X C G, the inequality 
c(F) ^ c(G) is valid; 

(2) for each monotonically decreasing net (<^ 7 ) of continuous functions j3X — > 

I and a continuous function ip : fiX — > I such that inf <yS 7 (ir) ^ ijj{x) for all 

7 

x G X, the inequality inf c(<£ 7 ) ^ c{ip) is valid. 

7 

Proof. (1) (2). Let c(ip) < a, a G 7, then c(Zq) < a for the closed set 
Z = {x G fiX I ip(x) ^ a}. The intersection Z of the closed sets Z 7 = {x G 
f3X I <p 7 (x) ^ a} satisfies the inclusion ZCiX C Zq, hence by (1): c(Z) < c(Zq). 

Due to T-smoothncss of c we obtain inf c(Z 7 ) < c(Z). Therefore there exists 

7 

an index 7 such that c({x G /3X | <p 7 (x) ^ a}) < a, thus c(<£ 7 ) < a, and 

inf c(<£ 7 ) < a, which implies the required inequality. 

7 

(2) => (1). Let a continuous function ip : f3X — > 7 be such that V|g = 1- 
Denote the set of all continuous functions ip : (3X — > I such that ip\p = 1 by T . 
We consider the order on T which is reverse to natural: <p -< (p' if 93 ^ <p' , then 
the collection T can be regarded as a monotonically decreasing net such that 
{<4>{x)) v <zj: converges to 1 for all x G XflG, and to for all x G X\G. Therefore 
inf ip{x) ^ ip{x) for all x G X, hence, by the assumption: inf c(y>) ^ c(tp). 

Thus 

inf{c(<p) I ip : (3X — > 7 is continuous, 93 |_p = 1} < 

inf{c(V>) I -0 : — > 7 is continuous, = 1}, 

i.e. c(F) < c(G). □ 
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We define the set of all c E M(3X that satisfy (1) (2) by M* X . 

Condition (1) implies that, if closed sets F, G C /3X are such that F f\X = 
G Pi X, then c(F) = c(G). Therefore we can define a set function c : expX U 
{0} ->■ / as follows : if A C X, then c(A) = c(F) for any set F C fSX such that 

Fnl = A Obviously c(l) = inf{c(» | V G C(f3X, I),ip^ xa}- 

The following observation, although almost obvious, is a crucial point in our 
exposition. 

Proposition 4.3. A set function d : expX U {0} — > / is egwaZ to c /or some 
c e M*Jf i/ and on??/ if c' is a r-smooth capacity on X . 

Therefore we define the set of all capacities on X by MX and identify it with 
the subset M*X C M/3X. We obtain an injective map c M X : MX ->■ M/3X, 
and from now on we assume that a topology on MI is such that euX is an 
embedding. Thus MX for a Tychonoff X is Tychonoff as well. 

If c is a capacity on X and <p : X — > I is a continuous function, we define 
the Sugeno integral of ip w.r.t. c by the usual formula : 

,v 

c (v) = / vfa) ^ dc(x) = sup{a A c{x E X | <p(x) ^ a} \ a E I}. 



For any continuous function ip : X — > / we denote by /3<p its Stone- Cech 
compactification, i.e. its unique continuous extension to a function j3X — > I. 

Proposition 4.4. Let c E M*Jf and c is defined as above. Then for any 
continuous function <p : X — > / we /icwe c(<^) = c(/3<p). 

Proof. It is sufficient to observe that 

c({x e X | p(jc) 5s a}) - c{{x E i3X \ (3ip{x) > a}). 

□ 

Thus the topology on MX can be equivalently defined as the weak*-topology 
using Sugeno integral. It also immediately implies that the following theorem 
is valid. 

Theorem 4.5. Let X be a Tychonoff space, c a capacity on X. Then the 

,v 

functional i : C(X,I) — > L, i(ip>) = j <p(x) A dc(x) for tp E C(X,I), has the 

following properties : 

(1) for all ip, ip E C(X,L) the inequality ip < ip (i.e. ip(x) < ip{x) for all 
x E X) implies i{<p) ^ i(ip) (i is monotonicj; 

(2) i satisfies the equalities i(a A ip) — a A i{<p), i(a V ip) — a V i(ip) for any 
a E I, ip E C(X,I); 



x 
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(3) for each monotonically decreasing net (ip a ) of continuous functions X — > I 
and a continuous function ip : X — > / such that inf <p a {x) ^ ip( x ) f or a M 

a 

x £ X, the inequality inf i(ip a ) ^ i(">p) is valid. 

a 

Conversely, any functional i : C(X,I) — > I satisfying (l)-(3) has the form 

r 

= / f( x ) A dc(x) for a uniquely determined capacity c £ MX . 
x 

Condition (3) is superfluous for a compact space X, but cannot be omitted 
for noncompact spaces. E.g. the functional, which sends each ip £ C(M, I) to 
sup ip, has properties (1),(2), but fails to satisfy (3). 

The following statement is an immediate corollary of an analogous theorem 
for the compact case. 

Proposition 4.6. The topology on MX can be equivalently determined by a 
subbase which consists of all sets of the form 

0+(U, a) = {c £ MX | there is F C X, 

cl 

F is completely separated from X \ U, c(F) > a} 

for all open U c X , a £ I, and of the form 

0-{F, a) = {c£ MX | c(F) < a} 

for all closed F C X , a £ I. 

Like the compact case, for a continuous map / : X — > Y of Tychonoff spaces 
wc define a map Mf : MX — > MY by the two following equivalent formulae: 
Mf(c)(F) = c(/- 1 (F)), with c G MX, F C Y (if set functions are used), 

cl 

or Mf(c)(ip) = c(ip o /) for c G MX, ip £ C(X,I) (if we regard capacities 
as functionals). The latter representation implies the continuity of Mf, and 
we obtain a functor M in the category Tych of Tychonoff spaces that is an 
extension of the capacity functor M in Comp. 

The map cmX : MX — > M/3X coincides with MiX, where iX is the em- 
bedding X =— > fiX (we identify M[3X and Mf3X), and the collection eu = 
(eMX)xeObTych is a natural transformation from the functor M to the func- 
tor UM/3, with U : Comp — > Tych being the inclusion functor. Observe that 
tim(3X(X) C M*X = euX{MX), therefore there is a continuous restriction 
timX = t]mI3X\x ■ X — > MX which is a component of a natural transforma- 
tion e M ■ Irych -» M. For all x £ X £ Ob Tych, F C X the value i) G X{x){F) 

cl 

is equal to 1 if x £ F, otherwise is equal to 0. 

Lemma 4.7. Let X be a Tychonoff space. Then /j,m/3X o MeuXiM^X) C 
e M X{MX). 
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Proof. Let C G M 2 X, and F, G C (3X are such that F <1 X C G. Then for all 

cl 

c G M*X we have c(F) ^ c(G), thus for each a € I ; 

{c e MX | e M ^(c)(F) ^ a} C {c G MX | e M X(c)(G) ^ a}, 

hence 

Me M X(C)({c G | c{F) ^ a})) = C(e M X _1 ({c G M/3X | c(F) ^ a})) ^ 

C*(e M X _1 ({c e M/3X | c(G) > a})) = Me M X(C)({c G | c(G) ^ a})), 

thus 

^ M /5X o Me M X(C)(F) = sup{a A Me M X(C){{c G M£X | c(F) ^ a}) 
sup{a A Me M X{C)({c G | c(G) > a}) = Mm^X o Me M X(C){G), 

which means that /i A// 3X o Me M X{C) G M*X = e M X{MX). □ 

For eifl : MX — > M/3X is an embedding, there is a unique map fiMX : 
M 2 X — > MX such that HM^XoMeuX = euXofiuX , and this map is contin- 
uous. It is straightforward to verify that the collection fiM = (fin ^QxeObTych 
is a natural transformation M 2 — » M, and (jlmX can be defined directly, without 
involving Stone-Cech compactifications, by the usual formulae : 

fi M X{C){F) = supja A C({c G MX \ c{F) ^ a}), C G M 2 X,F C X, 

cl 

or 

ii M X(C){y) = C{6 V ), Lp G C(X, I), where 5 v (c) = c(<p) for all c G MI. 

Theorem 4.8. The triple M = (M,ijM, Am) *s a monad in Tych. 

Proof is a complete analogue of the proof of Proposition ^. 101 

This monad is an extension of the monad M = {M,t]m , f-Ai) in Comp in 

the sense that MX = MX, t\mX = ijmX and (imX = [ImX for each com- 

pactum X. 



Proposition 4.9. Let for each compact inclusion hyperspace T on a Tychonoff 



space X the set function Iq X(F) : expX U {0} — > I be defined by the formula 




i%X{F){A) = 

Then i@X is an embedding GX =— > MX , and the collection i@ = (igX)xeObTych 
is a morphism of monads G — > M. 

Thus the monad G is a submonad of the monad M. 
Now let 

M*X = {c G M/3X | c(A) = sup{c(F) | F C AnX is compact} for all A C (3X}. 

cl 

It is easy to see that M*X C M*X. As a corollary we obtain 
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Proposition 4.10. A set function d : expA U {0} — > I is equal to c for 
some c G M*X if and only if d is a T-smooth capacity on X and satisfies the 
condition d (A) = sup{c'(F) | F C A is compact} for all A a X pinner compact 

cl 

regularity J. 

If a set function satisfies (l)-(4), we call it a Radon capacity. The set of all 
Radon capacities on X is denoted by MX and regarded as a subspace of MX. 
An obvious inclusion Mf3f(M*X) C M»F for a continuous map / : X — > Y of 
Tychonoff spaces implies Mf(MX) C MY. Therefore we denote the restriction 
of M f to a mapping MX -> MY by M/ and obtain a subfunctor M of the 
functor M. 

Question 4.11. What are necessary and sufficient conditions for a functional 

,v 

i : C(X, I) — > I to have the form i(<^) = / ip{x) A cfc(x) for a some capacity 



x 



c e MX? 



Here is a necessary condition : for each monotonically increasing net (<p Q ) 
of continuous functions X — 1 1 and a continuous function ip : X —} I such that 
supy Q (x) > for all x E X, the inequality supi(<p a ) ^ is valid. 

a a 

The problem of existence of a restriction of fiuX to a map M 2 X —t MX is 
still unsolved and is connected with a similar question for inclusion hyperspaces 
by the following 

Proposition 4.12. Let X be a Tychonoff space. If fi M X(M 2 X) C MX, then 
fi G X{G 2 X) C GX. 

Proof. We will consider equivalent inclusions /j,mPX(M 2 X) C M. t X and [i G fiX(G\X) C 
G„X. The latter one means that, for each set A C X and compact set Q C 

cl 

such that each element F of any inclusion hyperspace B G Q contains a com- 
pactum K G B, K C X, there is a compact set H <Z A, H e (~}Q. 

Assume that ^gPX(G 2 X) G«A, then there are A C X and a compact 

cl 

set Q C G»A such that all inclusion hyperspaces in Q contain subsets of A, but 
there are no compact subsets of A in f"| Q. For each B G Q let a capacity eg be 
defined as follows : 

cb(F) = l 1 ' Fe B > F G fiX. 

It is obvious that eg G M*X, and the correspondence B H> eg is continuous, 
thus the set B = {eg | £> G {?} G M(3X is compact. Therefore the capacity 
C G M 2 [3X, defined as 
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is in M*(M*X). Then fiM^X(C)(Clpx A) = 1, but there is no compact subset 
K C A such that c B (iT) ^ for all B e G, therefore n M PX{C)(K) = for all 
compact K C A = Cl/jx Anl, and n M /3X(C) <£ M*X. □ 

It is still unknown to the authors : 

Question 4.13. Does the converse implication hold? Do all locally compact 
Hausdorff or (complete) metrizable spaces satisfy the condition of the previous 
statement? 

5. Topological properties of the functors G, G, M and M 

Recall that a continuous map of topological spaces is proper if the preimage 
of each compact set under it is compact. A perfect map is a closed continuous 
map such that the preimage of each point is compact. Any perfect map is 
proper 

^From now on all maps in this section are considered continuous, and all 
spaces are Tychonoff if otherwise not specified. 

Remark 5.1. We have already seen that properties of the functors M and M 
are "parallel" to properties of the functors G and G. Therefore in this section 
we present only formulations and proofs of statements for M and M. All of 
them are valid also for G and G, and it is an easy exercise to simplify the proofs 
for capacities to obtain proofs for compact inclusion hyperspaces. 

Proposition 5.2. Functors M and M preserves the class of infective maps. 

Proof. Let / : X — > Y be injective. If c, c' £ MX and A C X are such that 

cl 

c(A) ^ J(A), then B = Clf(A) ec Y, and Mf(c){B) = c{f- 1 {B)) = c{A) ^ 

cl 

c'{A) = c'{f~ 1 {B)) = Mf{c){B), hence Mf(c) ^ Mf(c'), and Mf is injective, 
as well as its restriction Mf. □ 

Proposition 5.3. Functors M and M preserve the class of closed embeddings. 

Proof. Let a map / : X — > Y be a closed embedding (thus a perfect map), then 
for the Stone-Cech compactification j3f : (3X — > (3Y the inclusion [3f((3X\X) C 
(3Y \Y is valid Q. We know that M[3X{M*X) C M*F, M/3X(M*X) c M*Y. 
Let c g \ M*X, then there are F, G C such that FfllcG, 

but c(F) > c(G). Then /(f) and /(G) are closed in f3Y, and f(F) \ /(G) C 
f{pX\X)dPY\Y. 

The sets F' = and G' = / _1 (/(G)) are closed in /3X and satisfy 

F n x = f n x, G' n x = G n x, thus c(f') = M/3/(c)(/(F)) > C (G) = 

Mf3f(c)(f(G)), which implies M/3/(c) ^ M*Y. Thus (M/3/) _1 (M*F) = M*A, 
and the restriction Mfif\wx ■ M*X — > M*Y is perfect, therefore closed. It is 
obvious that this restriction is injective, thus is an embedding. For the maps 
M(3f\M*x and Mf are homeomorphic, the same holds for the latter map. 
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Now let c G M/3X\M*X, i.e. there is F C [3X such that c(F) > sup{c(K) \ 

cl 

if C F n X is compact}. The compact set F' = f3f(F) is closed in Clf(X) C 
(3Y. Observe that F = (Z?/)- 1 ^') and obtain: 

sup{M/3/(c)(L) | L C F' n Y is compact} = 
sup{c((/3/) _1 (L)) | L C F' n Y is compact} s$ 
sup{c(ir) | K C F n X is compact} < c(F) = M/3/(c)(F'), 

and Mf3f(c) ^ M*X. The rest of the proof is analogous to the previous case. □ 

It allows for a closed subspace In C I to identify MXo and Mlo with the 
images of the map Mi and Mi, with i : Xq >• X being the embedding. 

We say that a functor F in Tych preserves intersections ( of closed sets ) if for 
any space X and a family (i a : X a ^ X) of (closed) embeddings the equality 
P| a FX Q = FX holds, i.e. f] a Fi a (X a ) = Fi (X ), where i is the embedding 
of Xq = f] a X a into X. This notion is usually used for functors which preserve 
(closed) embeddings, therefore we verify that: 

Proposition 5.4. Functors M and M preserve intersections of closed sets. 

Proof. Let c £ MX and closed subspaces X a C X, a £ A, are such that 
c £ MX a for all a £ A. Let 2^ be the set of all non-empty finite subsets 
of A. It is a directed poset when ordered by inclusion. For all F C X and 

cl 

{ai, ...,a t } e 2j we have c(F) = c(F n X Ql n • • • fl X ak ). The monotonically 
decreasing net (F n X ai n • • • fl -fa fc ){ Ql! .... ctfc } e 2^ converges to F n X , with 
X = flaeA Thus c(F) = c(F n X ), which implies c G MX Q . 

The statement for M is obtained as a corollary due to the following obser- 
vation: if Xq C X is a closed subspace, then MXo — MX fl MXo. □ 

Therefore for each element c £ MX there is a least closed subspace Xo C X 
such that c G MXo. It is called the support of c and denoted suppc. 

It is unknown to the author whether the functor M preserve finite or count- 
able intersections. 

Proposition 5.5. Functor M preserves countable intersections. 

Proof. Let c £ MX belong to all MX n for a sequence of subspaces X n C X, 
n = 1,2, If A C F, e > 0, then there is a compactum ifi C Aflli 

cl 

such that c(ifi) > c(A) — e/2. Then choose a compactum if 2 C K i n X 2 
such that c{Ki) > c{K\) — e/4, . . . , a compactum if„ C if n -i H X„ such that 
c(if„) > c(if n _i) — e/2", etc. The intersection K = D^Li K*. is a compact 
subset of A n X , X = |X=i 4, and c(F) > C(A) - e. Thus sup{c(F) | K C 
A n X is compact} = c(A) for all AcX, i.e. c G MX . □ 

cl 

It is easy to show that M and M do not preserve uncountable intersections. 
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We say that a functor F in Tych (or in Comp) preserves preimages if for 
each continuous map / : X — > Y and a closed subspace Yq C Y the inclusion 
Ff(b) G FF for b E FX implies 6 G i^/" 1 ^)), or, more formally, Ff(b) G 
Fj(FY ) implies 6 G ^(^(/^(Fo))), where % : / -1 (y ) ^ X and j : Y ^ Y 
are the embeddings. 

Proposition 5.6. Functors M and M do not preserve preimages. 

It is sufficient to recall that the capacity functor M : Comp — > Comp, being 



the restriction of the two functors in question, does not preserve preimages 18 1. 



Proposition 5.7. Let f : X — >• Y is a continuous map such that f{X) is dense 
in Y. Then Mf(MX) is dense in MY, and Mf(MX) is dense in MY. 

Proof. Let M^X be the set of all capacities on X with finite support, i.e. 
M U X = [j{MK | K C X is finite} 

Then M U X C MX C MX, Mf(M u X) = M u (f(X)), and the latter set is 
dense in both MY and MY. □ 



6. Subgraphs of capacities on Tychonoff space and fuzzy integrals 



In 18j for each capacity c on a compactum X its subgraph was defined as 
follows : 

subc = {(F,a) G expX x I \ c(F)}. 

Given the subgraph sub c, each capacity c is uniquely restored : c(F) — max{a G 
/ | (F,a) G subc} for each F G expX. 

Moreover, the map sub is an embedding MX exp(expX x I). Its image 
consists of all sets S C expX x I such that [l^] the following conditions are 
satisfied for all closed nonempty subsets F, G of X and all a, j3 G J : 

(1) if (F, a) eS,a^ /3, then (F, 0) G S; 

(2) if {F, a), (G, $) G S, then (F U G, a V /3) G 5 1 ; 

(3) 5 D expX x {0}U {X} x /; 

(4) 5 is closed. 

The topology on the subspace snb(MX) C exp(expX x I) can be equivalently 
determined by the subbase which consists of all sets of the form 

V+{U, a) = {S G sub(MX) | there is (F, (3) *E S, F C U, f3 > a} 

for all open U C X, a G /, and of the form 

y_ (F, a) = {S G sub(Af X) | /3 < a for all (F, &) G S 1 } 

for all closed F G X , a £ I. 

Let the subgraph of a r-smooth capacity c on a Tychonoff space X be defined 
by the same formula at the beginning of the section. Consider the intersection 
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subcCl (expX x {a}). It is equal to S a (c) x {a}, with S a (c) = {F G expX 
c(F) a}. The latter set is called the a- section [l8[ of the capacity c and is 
a compact inclusion hyperspace for each a > 0. Of course, Sq(c) — expX is 
not compact if X is not compact. If0^a</3^1, then S a (c) D Sp, and 

S p( C ) =U ^a</3 5 '"( C )- 

We present necessary and sufficient conditions for a set S C exp X x I to be 
the subgraph of some capacity c G MI. 

Proposition 6.1. Let X be a Tychonoff space. A set S C expX x I is a 
subgraph of a r-smooth capacity on X if and only if the following conditions are 
satisfied for all closed nonempty subsets F , G of X and all a, j3 G I : 

(1) if (F, a)eS,a) then (F, f3) G S; 

(2) if (F, a), (G, 0) G S, then (FUG,aV/?)e S; 

(3) SDexpIx {0} U {X} x I; 

(4) 5 n (expX x [7; 1]) is compact in exp ; X x I for all 7 G (0; 1]. 
Such S is closed in expX x I. 

Proof. Let c G MX and S — subc. It is easy to see that S satisfies (1)— (3). To 
show that S (~l (expX x [7; 1]) is compact, assume that it is covered by subbase 
elements U~ x (a^bi), Ui C X, i € X. For any a G [7; 1] the intersection 

op 

5fl (exp x{a}) = S a (c) x {a} is compact and covered by U~ x (a«;6i) for those 
i e I that (<2j,&i) 3 a. Therefore there is a finite subcover U~, Uf of 
S a (c), maxja^ , . . . , ai k } < a < minjb^ , . . . , h k }. When a /* a, the compact 
set ^(c) decreases to S a (c), thus there is a G (max{a^ , . . . , a^}; a) such that 
S a (c) C U • • • U . If we denote b = min{6i l; . . . , b ik }, we obtain that for 
each a G [7; 1] there is an interval (a, b) 9 a such that S (~l (expX x (a, 6)) is 
covered by a finite number of sets U~ x (a,, For [7, 1] is compact, we infer 
that there is a finite subcover of the whole set S (expX x [7; 1]), thus (4) 
holds. 

Now let a set S C explx I satisfy (l)-(4), and let S a = pr 1 (Sfl(expX x /)) 
for all a £ I. By (1) S a D Sp whenever a < (3. Assume Sp ^ C\o<a<p for 
some P G (0; 1], i.e. there is F G expX such that F G S a for all a G (0; 0), but 
F £ Sp. Then the sets (X\F)~ x I and expX x [0; a), with a G (0; 0), form an 
open cover of the set SC\ (expX x [(3/2; 1]) for which there is no finite subcover, 
which contradicts to compactness. Thus Sp = C\ 0<a< p S a . It implies that for 
(F, 0) £ S, i.e. F ^ Sp, there is a G (0; 0) such that F £ S a . The set S a is a 
compact inclusion hyperspace, thus is closed in exp X. Then (exp X\S a ) x (a; 1] 
is an open neighborhood of (F, (3) which does not intersect 5, hence S is closed 
in expX x I. 

For each F G expX we put c(F) = max{a | (F,a) £ S}. It is straightfor- 
ward to verify that c is a r-smooth capacity such that sub c = S. □ 

Proposition 6.2. Let ip : exp X x I — > I be a continuous function such that : 
(1) -0 in antitone in the first argument and isotone in the second one; 
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(2) if>(F, a) uniformly converges to as a — > 0. 

Then the correspondence $ : ch> max{-0(F, c(F)) \ F G expX} zs a weZZ defined 
continuous function MX — > I . 

Proof. Let S = subc. Observe that ^> can be equivalently denned as vE'(c) = 
max{ip(F,a) \ (F,a) G S}. The function ip : exp t X x / — > I is upper semi- 
continuous, and ^("S) is either {0} or equal to i/j(S H (expX x [7; 1])) for some 
7 G (0; 1). Hence il>(S) is a compact subset of /, therefore contains a greatest 
element, and use of "max" in the definition of is legal. 

Assume that ^(c) < b for some b £ I. We take some a 6 (^(c);6). There 
exists 7 G / such that ip(F,a) < a for all a G [057), F G expX. If (F, a) G 5, 
a ^ 7, then there is a neighborhood V = (Z7o, Ui, . . . , Uk) x («, w) 3 (F, a) 
such that Ui U • • • U E/fc is completely separated from X\Uq, and ip(G,f3) < a 
for all (G,f3) G V. The inequality ip(G,f3) < a holds also for all (G,f3) G 
(X, Ui, . . . , f/fe) x [0, v). Thus we obtain a cover of S R (expX x [7; 1]) by open 
sets in exp ; IxJ, and there is a finite subcover by sets (X, {/{,..., f/| )x[0,vi), 
1 ^ / $C n. We may assume < ui ^ i?2 ^ • • • ^ Wn > It is routine but 
straightforward to verify that c is in an open neighborhood 

U = f|{0-(X \ {UV^+l U • • • U Ul),v m ) I 1 < m < n, 

1 < im+l < k m+ i, . . . , 1 < j n < fc„}, 

and for each capacity c' €U the set sub c' (~l [7; 1] is also covered by the sets 
(X, Ui,...,U l kl ) x [0, Vl ), l<I<n, 

therefore 

*(c') < max{a, max{i/'(F, a) | (F, a) G 5, a ^ 7}} = a < b. 

Hence \& is upper semicontinuous. To prove lower semicontinuity, assume that 
*(c) > b for some b E I. Then there is F G expX such that ip(F,e(F)) > b. 
By continuity there are open neighborhood U D F and 7 G (0; c(F)) such that 
F is completely separated from X\U, and for all G G expX, G completely 
separated from X \ U, a G /, a > 7 the inequality ip(G,a) > b is valid. Then 
c G O+lL 7 , a), and for all c' G 0+(C/, a) we have W(c') > 6. □ 

The reason to consider such form of \& is that not only Sugeno integral 
can be represented this way (for tp(F,a) = influx) | x G F} A a), but a 
whole class of fuzzy integrals obtained by replacement of "A" by an another 
"pseudomultiplication" © : I x I — > I e.g. by usual multiplication or the 
operation h(a, b) — a + b — ab. The latter statement provides the continuity of 
a fuzzy integral with respect to a capacity on a Tychonoff space, provided "0" 
is continuous, isotone in the both variables and uniformly converges to as the 
second argument tends to (which is not the case for the h given above). 
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